Centrifugal pendulum vibration absorbers are widely used as a vibration suppression device for helicopters. The vibration characteristics of this absorber have been investigated by utilizing linear anti-resonance theory. However, it has been noted that nonlinear characteristics appear when pendulums swing at large amplitudes. The authors investigated vibration suppression characteristics of pendulum absorbers considering nonlinear characteristics of pendulums. In the first report, we investigated a two-degree-of-freedom (2DOF) system composed of a rigid blade and a pendulum. In this system, the blade was excited by a harmonic deflection motion of the shaft. In the second report, we investigated a three-degree-of-freedom system composed of a fuselage, a rigid blade and a pendulum. In this third study, the model has 3DOF and is composed of a blade, a pendulum and a rotor mount. The blade is assumed to be flexible and only the first elastic mode is considered. An aerodynamic excitation force is applied to the blade. The vibration suppression characteristics of this system are investigated theoretically and experimentally.
Introduction
Due to the effects of aerodynamic force, external excitation forces apply to helicopter blades at frequencies which are multiples of the rotational speed of the shaft (1) (2) . This force causes blade vibration which shakes the fuselage via a transmission system (3) ．A centrifugal pendulum absorber can often be used to reduce the vibration of the blades of a helicopter. The dimensions of pendulum absorbers have been determined using linear anti-resonance theory, however there is a lack of detailed study in the area of nonlinear dynamics relating to pendulum absorbers (4)～ (8) ．Therefore, this research will attempt to investigate vibration suppression taking these nonlinear dynamics into account.
In a pendulum, nonlinear characteristics become apparent as the deflection angle of a pendulum increases. Therefore, in the first study, the authors examined the use of a pendulum absorber to suppress vibrations using a rigid blade model considering its nonlinear characteristics (9) , (10) . In these systems, the excitation frequencies were integer multiples of the rotational speed. In the first report (9) , a blade and pendulum were represented by a 2DOF system in which the blade was excited by a prescribed harmonic motion at one end of the blade. It was observed that the suppressing effect of the pendulum increased as the supporting position of the pendulum approached the tip of the blade. In the second report (10) , the effect of a pendulum absorber to suppress vibration of the fuselage was studied using a 3DOF system composed of a blade, pendulum and fuselage. Observations were then made as the blade was excited by an aerodynamic force. In both the first and second cases, the suppression effect is improved when the pendulum is tuned to a frequency which is slightly lower than multiples of the rotational frequency due to the effect of nonlinearity. It is also confirmed that, as the vibration becomes larger, the pendulum starts to rotate and the suppression effect subsequently disappears. In the latter case of the 3DOF system, it was observed that; due to the existence of a node in the blade, in this case, the supporting position of the pendulum must avoid the nodal point in order to suppress vibration.
In the present study, the suppression effect of a pendulum to the fuselage is studied using a 3DOF model composed of an elastic blade, a pendulum absorber and a mount. For the purpose of simplicity, only the first mode of elasticity is considered. In this model, the blade is assumed to vibrate in the direction perpendicular to the plane of the blade rotation. Figure 1 shows a physical model composed of a blade, pendulum absorber and a mount composed of a shaft, hub and a driving motor. This mount is supported elastically on the fuselage. It is assumed that the blade is a thin elastic beam with a rectangular cross section. One end of the beam is fixed to the hub which is attached to the shaft, the other end remains free. The blade can bend in a vertical direction, though this study considers only the first mode of bending, excluding the higher modes of vertical bending. In addition, bending in the horizontal plane, longitudinal vibration and torsional vibration are not considered. Let the length, the mass, the density, the Young's modulus, the area of the cross section and the second moment of area of the blade be L，M, ρ，E，A and I, respectively. The mount with mass M f includes the shaft, hub and motor. The mount supported elastically on the fuselage by a spring, with spring constant k f , can move only in the vertical direction. Fig. 1 Model for a rotor blade, a pendulum absorber and a rotor mount A hub with radius R is attached to a shaft rotating with the angular velocity Ω . A pendulum with arm length l and mass m is attached to the blade at the distance a from the center of the rotation of the blade. The suppression of the fuselage is attained by suppressing the vibration of the mount using a pendulum absorber. It is assumed that aerodynamic force is distributed on the whole blade with frequency ω which is an integer multiple of the rotational speed Ω.
Modeling and Equations of Motion
Here, we consider the fixed rectangular coordinate system O-xyz whose horizontal x axis coincides with the center line of the blade at rest and the vertical z axis coincides with the centerline of the shaft.
Let the deflection of the free end of the blade relative to its fixed end be z ｂ and the deflection of the mount be z f . The deflection angle of the pendulum from its original position in the z f .-axis during constant rotation of the blade is θ 0 , this is the equilibrium condition. The deviation of the pendulum's angle from this equilibrium position is expressed by θ.
It is assumed that the shape of the rotating blade in the first mode can be approximated by the shape function of the non-rotating beam in the first mode, one end of which is fixed and the other end is free. Then, the deflection h(s) of the point at distance s from the fixed end is expressed by the following equation. (1) In this equation; L is the length of the beam and λ is the characteristic root corresponding to the first mode. In the following derivation, the quantities L z b and L z b are assumed to be small quantities of the same order as the small parameter ε (this order is expressed by the notation
are neglected in the expressions for the kinetic energy and the potential energy of the blade. It is assumed that the damping coefficients of the mount, blade and pendulum are f c ， b c and p c , respectively. Since the aerodynamic force working on the blade is proportional to the square of its velocity, the force per unit length of the blade is expressed by
where the angular velocity is n (integer) times the rotational speed Ω and F L is a proportional constant.
Under these assumptions, we obtain the expressions of the kinetic energies and the potential energies of the mount, the blade, the pendulum and that of the nonconservative force. Substituting these expressions into Lagrange's equation, we obtain the following equations of motion 
where H 1 ，H 2 ，H 3 ，H 4 ，H 5 ，and H 6 are obtained from Eq.(1) and are given as follows. 
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Tuning of a Pendulum Absorber
In the high rotational speed range, the centrifugal acceleration comes to exceed the gravitational acceleration by a considerable amount. In such a case, the natural frequency p p of the pendulum is expressed approximately as
This shows that this natural frequency is proportional to the rotational speed of the rotor. Since the excitation frequency ω is equal to n times the rotational speed Ω, the excitation frequency and the pendulum frequency are always tuned if the pendulum designed to hold the relationship l a n + = 1 . In this paper, we discuss the case in which 2 = n . If the pendulum is tuned as Ω = 2 ω , the natural frequencies p f ， p b ， and p p of the mount, the blade and the pendulum, respectively, are shown as functions of the rotational speed Ω in Fig.2 . These values are obtained by omitting all coupling terms (linear and nonlinear terms) and the damping terms expressed in Eq.(2), because the change of the pendulum's natural frequency is not shown clearly in the diagram obtained by considering coupling terms. We see that the natural frequency p p of the pendulum remains similar to 2Ω in a wide range of rotational speeds above a certain point.
Results of Numerical Simulation
In the following, we investigated various vibration characteristics by numerical simulations. In that analysis, RKG method is used. Figure 3 shows the amplitudes of the mount as a function of the rotational speed in the case that the pendulum's natural frequency is tuned to the excitation frequency Ω = 2 ω . Two cases with and without a pendulum are shown together. When there is no pendulum, resonance peeks appeared at about 100 rpm and 300 rpm which correspond to the cross 
Case of Tuned Pendulums
Many of these parameters' values are remain unchanged under the various conditions considered in the following analysis. Only the parameter values that changed are shown in the figures below.
Limit of the Suppression Effect
As the excitation becomes larger, the natural frequency of the pendulum becomes smaller from that of Eq.(4) due to the effect of nonlinearity. As a result, when forced amplitude becomes larger than about 0.03, the pendulum mistuned and the suppression effect decreases. As the excitation increases further and reaches about 0.10, the pendulum starts to rotate and the effect disappears. In this figures, the data above F L > 0.1 are meaningless, because these data are the last values when the numerical calculation is stopped. Figure 4 shows the amplitudes of the vibration of the mount and the pendulum as a function of the amplitude of the external aerodynamic force at rpm 325 = Ω
Effect of the Mass of a Pendulum
The effect of the mass of the pendulum is investigated in the tuned condition. When the mass is small, the suppressive effect of the pendulum is not significant. , respectively. However, when the mass is too large, the vibration of the mount increases in the speed range outside of the resonance range. 
Effect of the Supporting Position of a Pendulum
In the practical helicopter, the pendulum can only be mounted in a limited area near the shaft. However, for the purpose of this study; the effect of the pendulum position is investigated for the whole range of the blade without considering this restriction.
In Fig. 3 In the case of the lower resonance, the suppressing effect increases as the pendulum approaches the tip of the blade. However, as shown in Fig. 6(a) , it has no effect when mm 50 = a . Since the centrifugal force is comparatively small in this case, the pendulum swings with a large amplitude and, as a result, the tuning condition is lost due to the nonlinearity.
In the case of the higher resonance, no effect is observed when mm 200 = a ( 2 1 )as shown in Fig. 6(c) . Also, in this case, a bifurcation phenomenon appears. This is because the pendulum is mounted at the node corresponding to the higher resonance. As shown in Fig.  6(a) , an improved suppression effect is obtained for mm 50 = a which is near to the shaft because this position is anti-node at higher resonance. Therefore, in order to obtain sufficient suppression effect, the pendulum position must avoid the nodes. Figure 5(d) shows the case of mm 300 = a . Since length a is comparatively large and this position does not coincide with any node, sufficient suppression effect is obtained in a wide rotational speed range.
Effect of the Damping Coefficient of a Pendulum
In a general vibration absorber, we can reduce the overall amplitude by increasing its damping although the amplitude at the anti-resonance point increases. However, in the centrifugal pendulum absorber, the suppression effect increases as the damping decreases because it utilizes the anti-resonance point by shifting the natural frequency following the change of rotational speed. , respectively. However, as the damping becomes smaller, rotation of the pendulum can be initiated by a smaller excitation force. This means that the magnitude of the excitation force which can be suppressed by this pendulum absorber decreases.
Effect of Tuning
When the position of the pendulum is fixed, we can adjust the tuning by changing the arm length of the pendulum as shown by Eq.(4). Figure 8 shows the response of the mount and the pendulum for differing tuning ratios which are controlled by the arm length of the pendulum at the rotational speed rpm 325 = Ω
. Each figure shows the results for two different external forces. In the case of a comparatively small excitation force ( symbol ○) , the amplitude of the pendulum is comparatively small and the optimal tuning condition is achieved when the pendulum swings twice per one rotation of the shaft (noted  by  rev  2 ). However, for a comparatively large force, the optimal tuning condition becomes larger than 2/rev because the natural frequency of the pendulum decreases as its amplitude increases due to the effect of nonlinearity. 
Theoretical Analysis

Method of van der Pol
In this section, we investigate the vibration characteristics theoretically using the van der Pol method. First, θ sin and θ cos are approximated by series up to the third order of θ . We then take the following solution where，it is assumed that 
. Their stabilities are determined by applying the Routh-Hurwitz criteria to the characteristic equation obtained from the variation equations.
As indicated in Fig.9 , the theoretically predicted results (full line) are supported by the results of numerical simulation (symbol ○) .
Nonlinear Bifurcation Phenomena
In this section, bifurcation phenomenon due to nonlinearity is discussed. In the numerical simulation mentioned above, a bifurcation is observed in the higher resonance range when the pendulum is mounted at the distance of 1/2 of the blade length 
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Vol. 4, No. 6, 2010 throughout the whole range, another stable and unstable line appears. These lines do not cross each other in the phase space although they seems to cross in Fig.10(a) . In the case that some form of disturbance occurs, the solution may jump from the small amplitude curve to the large amplitude curve. Figure 11 shows a schematic view of the experimental setup. A shaft is driven by a motor via pulleys. This shaft is supported by self-aligning double row ball bearings above and below the pulley. The mount is supported by a stroke rotary bushing which enables the shaft to move vertically and rotate. The upper end of the shaft has a concave shape and the lower end of the shaft has a convex shape. The shaft and the mount are connected by springs. By this construction, the shaft rotation is transmitted to the mount and simultaneously the mount can move smoothly in a vertical direction. A flange is mounted on the shaft and two blades are attached to this flange symmetrically. The blades are made of stainless steel and have square cross sections. Its dimensions are 800mm in length, 50mm in width and 1.0mm in thickness. The parameter values which are not explained below are the same as those shown in Eq. (5) . The blade has holes to mount the pendulum and the pendulum position can be changed from 100mm to 300mm by 20mm utilizing these holes. The pendulum is supported by a miniature ball bearing and can swing smoothly. Its arm length l can also be adjusted freely. There are two electric fans which give external air force with the frequency equal to twice the rotational speed. The two blades are connected by a thin light beam which is mounted on the blades via hinges. In the case that two blades oscillate in the same mode, we can detect the amplitude of the vibration of the blades by measuring the vertical motion of this bridge using a laser sensor. The rotational speed is detected by an optical speed sensor.
Experiments
Experimental Setup
The damping coefficient f c of the mount and the damping coefficient f c of the blade are obtained by the logarithmic decrements method using the data of free vibrations. These values are shown in Eq.(3).
Experimental Results
Figures 12(a) and 12(b) show response curves of the mount and the blade, respectively. Each figure shows both the case with no pendulum and the case that a pendulum with mass g 12 = m
is mounted at mm 100 = a and is tuned to 2.0/rev. The data represents the The results indicate that the suppression of vertical vibration is more effective in the higher resonance range, however, it is limited in the lower resonance range because the centrifugal force is too small to work in this low speed range. Figure 13 shows the maximum amplitude of the mount for the tuning ratio. Similar to the result of numerical simulation shown in Fig. 8 , the optimal tuning value is larger than rev 2.0 . These experimental results are consistent with the theoretical and numerical predictions.
Conclusions
Vibration suppression of a helicopter by a pendulum absorber is studied by a 3DOF model composed of a mount, blade and pendulum absorber.
1. By tuning the natural frequency of the pendulum to the excitation frequency, the pendulum absorber can suppress vibrations in a wide range of rotational speeds.
2. As the excitation force increases, the effect of suppression decreases and finally disappears due to the rotation of the pendulum.
3. As the distance of the pendulum increases from the center of rotation and as the mass of the pendulum becomes larger，the suppression effect increases. However, when the pendulum is mounted at the nodal position, the effect is significantly reduced.
4. When the damping of the pendulum increases, the suppression effect decreases. Conversely, when the level of damping is too small, the suppression effect is lost as the rotation of the pendulum can be caused by a smaller amount of excitation force .
5. The suppression effect is improved by tuning the pendulum's natural frequency to a value slightly higher than the excitation frequency,.
6. The phenomenon of bifurcation appears due to the nonlinearity of a pendulum absorber.
